Abstract. Let A be a Noetherian ring and B be a finitely generated A-algebra. Denote by A the integral closure of A in B. We give necessary and sufficient conditions for a prime p in A to be in AssA(B/A) generalizing and strengthening classical results for rings of special type.
Introduction
Let A ⊂ B be commutative rings with identity. Denote the integral closure of A in B by A. The main result of the paper is the following theorem.
Theorem 1.1. Suppose A is Noetherian and B is a finitely generated A-algebra.
(i) Suppose that the minimal primes of B contract to primes of height at most one in A.
If q ∈ Ass A (B/A), then ht(q) ≤ 1. If p ∈ Ass A (B/A), then there exists a prime q in A with ht(q) ≤ 1 that contracts to p.
(ii) Suppose that the minimal primes of B contract to minimal primes of A and A p min = A p min for each minimal prime p min of A. Then there exists f ∈ A such that Ass A (B/A) ⊆ Ass A (B f /A f ) ∪ Ass A (A red /f A red ).
Furthermore, Ass A (B/A) is finite. (iii) Suppose A is equidimensional and universally catenary and suppose that the minimal primes of B contract to minimal primes of A. If p ∈ Ass A (B/A), then ht(p) ≤ 1.
If A is reduced, and if B is contained in the ring of fractions of A and is integrally closed, then A is the integral closure of A in its ring of fractions. In this case Thm. 1.1 (i) is part of the Mori-Nagata theorem (see Prp. 4.10.2 and Thm. 4.10.5 in [SH06] ).
Suppose R is a Noetherian ring and I is an ideal in R, and t is a variable. The Rees algebra of I, denoted R(I), is the subring of R[t] defined as ⊕ ∞ n=0 I n t n . Then Thm. 1.1 (ii) with A := R(I) and B := R[t] along with Prp. 2.1 imply that the set Ass R (R/I n ) is finite. This is a result of Rees [R81] , which he derived as a consequence of his valuation theorem (cf. Sct. 8 in [Sh16] ), and of Ratliff [Ratl76] , McAdam and Eakin [McE79] , who treated the case ht(I) ≥ 1. In Cor. 2.4 we show that Thm. 1.1 (ii) leads to an explicit description of Ass R (R/I n ). An application of Thm. 1.1 (ii) to valuation theory will be considered in a sequal to this paper ( [Ran19] ).
Suppose (R, m) is a local Noetherian universally catenary ring. Theorem 1.1 (iii) was proved by various authors in the case when A is the Rees algebra of an ideal or an R-module and B is a polynomial ring over R.
Concretely, if A := R(I) is the Rees algebra of an ideal I in R and B := R[t] is the polynomial ring in one variable, then Thm. 1.1 (iii) is a classical result of McAdam [McA80] . His result was generalized by Katz and Rice (Thm. 3.5.1 in [KaR08] ) to the case when A is the Rees algebra of a finitely generated module M and B is the symmetric algebra of a free R-module F of finite rank that contains M with M and F generically equal. The author (Thm. 5.4 in [Ran18] ) proved Thm. 1.1 (iii) in the case when A and B are the Rees algebras of a pair of finitely generated R-modules M ⊂ N . In Cor. 2.5 we show that Thm. 1.1 (iii) recovers at once a criterion for integral dependence of Simis, Ulrich and Vasconcelos (Thm. 4.1 in [SUV01] ).
We prove a converse to Thm. 1.1 (iii) under some additional hypothesis on B without requiring A to be universally catenary. Theorem 1.2. Let (R, m) be a local Noetherian ring contained in A. Suppose mB is of height at least 2. If p is a minimal prime of mA with ht(p) ≤ 1, then p ∈ Ass A (B/A).
A typical situation when such B arises is when A is a Rees algebra of a module M that sits inside a free module F over a local ring (R, m) of dimension at least 2. Then B can be taken to be the symmetric algebra of F, which is a polynomial ring over R and thus ht(mB) ≥ 2.
In this setup Thm. 1.2 along with Prp. 8.5 in [Ran18] , which treats the case dim R = 1, recovers results of Burch [Bur68] for Rees algebras of ideals (cf. Thm. 5.4.7 in [SH06] ), and of Rees [R81] , Katz and Rice [KaR08] (Thm. 3.5.1 in [KaP13] ) for Rees algebras of modules embedded in free modules. More generally, the author proved Thm. 1.2 assuming that A and B are standard graded R-algebras (Thm. 8.3 in [Ran18] ).
In Prp. 2.6 we prove that if A is a graded domain over R with dim R ≥ 2, an embedding of A in a graded R-algebra B satisfying the hypothesis of Thm. 1.2 exists as a consequence of Noether normalization. Such embeddings play an important role in the theory of local volumes [Ran] .
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Proofs
We begin with two propositions. Prp. 2.1 generalizes Lem. 3.1 in [KaP13] (cf. Prp. 7.1 in [Ran18] ). It's central to the proof of Thm. 1.1 (ii) and Thm. 1.2. The proof of Prp. 2.1 is based on the generic freeness lemma of Hochster and Roberts (see Lem. 8.1 in [HR74] or the lemma preceeding Thm. 24.1 in [Mat87] ).
The second proposition Prp. 2.2 and the corollary that follows it generalize Lem. 5.3 (1) in [Ran18] . We use these statements in the proof of Thm. 1.1 to pass to the situation when A is a reduced Nagata (pseudo-geometric) ring, which guarantees that A is Noetherian.
Proposition 2.1. Let R be a Noetherian ring and let A ⊂ B be Noetherian R-algebras. Assume B is a finitely generated A-algebra. Then Ass A (B/A) is finite and each prime in Ass R (B/A) is a contraction of a prime in Ass A (B/A).
Proof. First, we show that Ass A (B/A) is finite. Let t 1 , . . . , t k be the generators of B as an A-algebra. Then by breaking the filtration
into short exact sequences, we see it's enough to show that
is finite. Hence we can assume that B = A[t] for t ∈ B. Set A i := A + At + · · · + At i . Note that each A i is a finitely generated A-module. Consider the exact sequence
where each arrow is given by multiplication by t and thus it's surjective. Denote by φ n the composite map from A 1 /A 0 to A n+1 /A n . Then the chain
must stabilize eventually as A 1 /A 0 is a Noetherian module. This shows that for n ≫ 0 the map A n /A n−1 → A n+1 /A n is an isomorphism. Hence
The second part of the proposition is [Stks, Tag 05DZ]. For completeness we include our own proof which is part of Prp. 7.1 in [Ran18] . Let q ∈ Ass R (B/A) and letb ∈ B/A is such
Because q is prime in R, then the contraction of the radical of I(b) to R is q. But the radical of I(b) is the intersection of finitely many primes in Ass A (B/A). Thus, there exists an Q ∈ Ass A (B/A) whose contraction to R is q.
Proposition 2.2. Let R be a ring and let A ⊂ B be R-algebras. Let R → S be a faithfully flat ring map. Denote by A ⊗ R S the integral closure of A ⊗ R S in B ⊗ R S. Then
Proof. By flatness of R → S it follows that A ⊗ R S is contained in B ⊗ R S. By faithful flatness of R → S it follows that A and B inject into A ⊗ R S and B ⊗ R S respectively. Suppose b ∈ B is integral over A ⊗ R S, i.e. b satisfies the following relation
The opposite inclusion follows trivially from persistence of integral dependence. Proof of Theorem 1.1
Consider (i). We perform several reduction steps that will allow us to assume that A is a reduced local complete ring. Let b ∈ B be such that q is the annihilator of the image of b in B/A. Set p := q ∩ B. Suppose ht(q) ≥ 2. By incomparability ht(p) ≥ 2. Then by prime avoidance we select h ∈ q that avoids the minimal primes of B. Because A is a reduced complete local ring and B ′ is a finitely generated A-algebra, then A is module-finite over A by [Stks, Tag 03GH] (cf. Ex. 9.7 in [SH06] and [Stks, Tag 037J] ). But so is A ′ as A ′ ⊂ A. In particular, A ′ is Noetherian and so qA ′ is finitely generated.
Clearly As h avoids the minimal primes of B ′ and the latter is reduced, then h is regular in B ′ . Suppose b · qA ′ ⊂ qA ′ . As h ∈ qA ′ , then qA ′ is a finitely generated faithful A ′ -module. Then by the Determinantal Trick Lemma (see Lem. 2.1.
Replace A ′ by its localization at qA ′ . Then there exists z ∈ qA ′ such that bz = 1 which yields hbz = h. Because h is regular, then so is hb. Let z ′ ∈ qA ′ . Then by (2) there exists u ∈ hA ′ such that hbz ′ = hu or hb(z ′ −uz) = 0. But hb is regular, so z ′ = uz. Thus qA ′ = (z). But by assumption ht(qA ′ ) ≥ 2. We reached a contradiction. Therefore, ht(q) ≤ 1. This completes the proof of the first part of (i).
Suppose p ∈ Ass A (B/A). As above, we can assume that A is local with maximal ideal p. We want to show that there exists a maximal ideal q ∈ A with ht(q) ≤ 1. 
, which is a finite set by Prp. 2.1.
Next suppose f ∈ p. Preserve the setup from the proof of part (i). Assume A is local with maximal ideal p. First we show that there exists a module-finite extension of A and a prime ideal P in it of height at most one that contracts to p. By part (i) there exists q 1 ∈ A with ht(q 1 ) ≤ 1 and q 1 ∩ A = p. By prime avoidance we can select x ∈ q 1 whose image in
. Because x is integral over A, then A[x] is module-finite over A. Set P := q 1 ∩ A[x]. All maximal ideals in A that contract to P contain x. Thus they all have m 1 as their image in A ′ . But ht(m 1 ) ≤ 1. So by faithful flatness all maximal ideals in A that contract to P are of height at most one. Consider the integral extension A[x] P ֒→ A P . Then
where J is an index set for the maximal ideals in A contracting to P (we show in [Ran19] that the number of maximal ideals in A is finite as a direct consequence of the proof of part (i)). But ht(q j ) ≤ 1, so ht(P) ≤ 1. Assume J ⊂ P. Suppose that p is not an associated prime of A/f n A. Then there exists z ∈ p that is regular in A/f n A. Let P = P 1 , . . . , P k be the minimal primes of f n A [x] . Select e ∈ P 2 ∩ . . . ∩ P k and e ∈ P such that z l e ∈ f n A[x] for some l. Then
Thus e ∈ J. But e ∈ P which is a contradiction. Hence p ∈ Ass A (A/f n A). But f is regular in A.
Finally, we obtained that if p ∈ Ass A (B/A), then
Because Ass A (B f /A f ) and Ass A (A red /f A red ) are finite, then so is Ass A (B/A). Consider (iii). Let p ∈ Ass A (B/A). Suppose ht(p) ≥ 2. Following the steps in the proof of part (i) we can assume that A is a local reduced ring of dimension at least 2 with maximal ideal p A. Because A is Nagata and reduced, then A is module-finite over A. Because A is universally catenary and equidimensional, then by Thm. 31.7 in [Mat87] A is equidimensional, too. Now A is semi-local with each of its maximal ideals contracting to p A. Let m be a maximal ideal of A and let q min be a minimal prime of A contained in m. Then p min = q min ∩ A is a minimal prime of A as the minimal primes of B contract to minimal primes of A by our assumptions and faithful flatness. Because A is equidimensional, then ht(p( A/p min )) ≥ 2.
Applying the dimension formula (Thm. B.5.1 in [SH06] ) for the extension A/p min ֒→ A/q min we get Let R be a Noetherian ring and I an ideal in R and t a variable. The Rees algebra of I, denoted R(I), is the subring of R[t] defined as ⊕ ∞ n=0 I n t n . Denote the kth graded pieces of R[t] and R(I) by R[t] k and R(I) k , respectively. Denote by I n the integral closure of I n in R. The integral closure R(I) of R(I) in R[t] is ⊕ ∞ n=0 I n t n . Note that if P ∈ Ass R (R/I n ), then there exists a minimal prime P min of R with P min ⊆ P such that P/P min is associated to the integral closure of I n (R/P min ) in R/P min (see Lem. 5.4.4 in [SH06] ). So to keep the exposition as simple as possible we assume that R is a domain.
Corollary 2.4. Let R be a Noetherian domain, I an ideal in R and a ∈ I. Suppose P ∈ Ass R (R/I n ) for some n. Then P is a contraction of an associated prime of aR(I).
Proof. Apply Thm. 1.1 (ii) with A := R(I) and B := R[t]. Because a k R[t] k = R(I) k for each k ≥ 1 we can select f := a. By [Stks, Tag 05DZ] or the proof of the second part of Prp. 2.1, P is a contraction of p ∈ Ass R(I) (R[t]/R(I)). As R[t] a = R(I) a and R(I) is a domain, Thm.
(ii) implies that p is associated to aR(I).
Next we show that Thm. 1.1 (iii) recovers a criterion for integral dependence due to Simis, Ulrich and Vasconcelos (Thm. 4.1 in [SUV01] ). 
Then Ker ψ h 1 consists of nilpotents and thus A(h 1 ) and A/h 1 A have the same reduced structures. Because each minimal prime of mB is of height at least 2, we can find h 2 ∈ m such that h 2 avoids the minimal primes of B/h 1 B. Because Ker ψ h 1 consists of nilpotents, h 2 avoids the minimal primes of A/h 1 A. Thus each minimal prime of mA is of height at least 2 which contradicts our assumption that there exists a minimal prime p of mA of height at most one. Thus m ∈ Ass R (B/A). Let b such that Ann R (b) = m wherẽ b is the image of b in B/A. Then we can select c ∈ A so that Ann A (cb) = p as we did in the proof of Thm. 1.1 (i).
When A is the Rees algebra of a module, then A comes equipped with an embedding in a polynomial ring B. For a general finitely generated R-algebra A an embedding into a polynomial ring over R may not exist. However, in the next proposition we show that under mild assumptions, A always has an embedding in a finitely generated graded R-algebra B satisfying the hypothesis of Thm. 1.2 provided that dim R ≥ 2. Proposition 2.6. Suppose R is a reduced equidimensional universally catenary Noetherian ring of positive dimension or an infinite field. Assume A = ⊕ ∞ i=0 A i is a reduced equidimensional standard graded algebra over R. Assume that the minimal primes of A contract to minimal primes of R. Then there exists a standard graded R-algebra B = ⊕ ∞ i=0 B i such that (1) B is a birational extension of A, and the inclusion A ⊂ B is homogeneous; (2) For each prime p in R the minimal primes of pB are of height at least ht(p/p min ) where p min is a minimal prime of R contained in p.
Proof. Denote by K the total ring of fractions of R. Because A is reduced and its minimal primes contract to minimal primes of R, then A is R-torsion free. Hence A injects into A ⊗ K. 
Because A and R are equidimensional we obtain that A p i is equidimensional with dim
For each i = 1, . . . , l denote by π i the projection homomorphism A ⊗ K → A p i . Because R is equdimensional of positive dimension or R is an infinite field, then each field R p i is infinite. Thus by Noether normalization we can select e elements b ′ 1 , . . . , b ′ e in A But tr. deg κ(p ′ ) κ(Q) ≤ e and p ⊂ p ′ . Therefore, ht(Q/Q min ) ≥ ht(p ′ /p min ) ≥ ht(p/p min ).
